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Abstract

Comparativism is the view that comparative beliefs (e.g., believing p to be
more likely than q) are more fundamental than partial beliefs (e.g., believ-
ing p to some degree x). In this paper, I first provide an account of how
comparativism can make sense of quantitative comparisons (e.g., believing
p twice as much as q), which generalises and improves upon the standard
comparativist approach. This is achieved by means of a simple ‘Ramseyan’
representation theorem, with axioms demonstratively weaker than those to
which comparativists usually appeal. I then provide a number of arguments
against comparativism. Ultimately, there are too many things that we ought
to be able to say about partial beliefs that we cannot say under any version
of comparativism. Moreover, there are alternative ways to account for the
measurement of belief that need not face the same limitations.

1 Introduction
Meet Ally, an ordinary human being, and one of the subjects of this paper. Like
the rest of us, Ally has beliefs, broadly construed: there is some way that Ally
takes the world to be, which is generally responsive to her evidence and which
guides her intentional behaviour. Our task in what follows will be to say what
Ally’s system of beliefs might be like at its most basic or fundamental level. To
get the ball rolling, I’ll start by making some assumptions.

First, I’m going to assume that Ally has (at least) two kinds of belief: partial
and comparative. In the former category, for example, Ally is close to 100% con-
fident that there’s an external world, between 95% and 98% confident that the
Earth is an oblate spheroid, quite unsure what will happen as a result of global
warming, but doubtful it’ll be good. Each of her partial beliefs comes with some
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strength, which can (at least sometimes) be described numerically; e.g., ‘100%
confident’, ‘between 95% and 98% confident’, and so on. And, in the category of
her comparative beliefs, Ally is at least as confident that 2 and 2 makes 4 as she
is anything else, she’s more confident that she’ll find decent coffee in Melbourne
than she will in Sydney, and indeed less confident that she’ll find good coffee in
Sydney than that she’ll win the lottery next week.

Second, I’m going to assume that what it is for Ally to have the partial and
comparative beliefs that she does cannot be cashed out in terms of outright be-
liefs—i.e., the kinds of beliefs usually dealt with in traditional epistemology. More
generally, I am going to assume that anything that can be said about Ally’s total
doxastic state can be said in terms of her partial and/or comparative beliefs. So,
were I to specify all of Ally’s partial beliefs (along with their respective strengths),
and all of her comparative beliefs, then I would have said enough to fix all of the
facts about her beliefs simpliciter. In describing how Ally takes the world to be,
there is no need to mention her outright beliefs at all.

I recognise that not everyone will agree with my assumptions, and that there
are important and nuanced views on the relationship between outright beliefs
and partial/comparative beliefs that I am essentially ignoring. Some may prefer
the view that what I’m calling Ally’s partial and comparative beliefs are really
just outright beliefs with probabilistic contents (cf. Holton 2014; Harman 1986);
others may see partial beliefs as a theoretical device for describing rational states
of outright belief (e.g., Easwaran 2016). But a discussion has to start somewhere,
and I’m certainly not alone in thinking that outright beliefs can be dispensed with
in favour of a more fundamental, and fundamentally graded, notion of belief (e.g.,
Christensen 2004; Eriksson and Hájek 2007, pp. 206-7; Clarke 2013). This is the
last I’ll speak of outright beliefs in this paper.

Taking the above assumptions for granted, it’s natural to wonder about the
relationship between Ally’s partial and comparative beliefs. It’s obvious enough
that they are connected: no one would blame you for inferring, from the fact that
Ally has a high confidence that p and a low confidence that q, that she is therefore
more confident that p than she is that q; or, if she’s just as confident that p as
she is that q, then she is certain that p iff she’s certain that q. These (and similar)
inferences have a feel of apriority about them, and it’s reasonable to expect that
they’re underwritten by some interesting metaphysical connection.

According to comparativism, the facts about Ally’s partial beliefs hold in virtue
of, and supervene on, the facts about her comparative beliefs. So if Ally believes p
to degree x, her having that belief is to be explained by the fact that she has such-
and-such comparative beliefs.1 Often, comparativists will say that partial beliefs

1 To be clear: comparativism, as I’m understanding it here and as it’s discussed by the authors
cited below, is a specific view about the relationship between partial and comparative beliefs. It is
not the view that facts about partial beliefs are grounded in something comparative. Excepting
those who argue that the strength of a belief belongs to that belief’s content, there are few
who’d deny that claim. (For instance, the major alternatives to comparativism typically seek
to build facts about strengths of belief out of preferences.) For similar reasons, comparativism
about belief should not be conflated with comparativism about quantities as discussed by, e.g.,
Dasgupta (2013).
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are theoretical constructions built to facilitate easy reference to and reasoning
about global patterns within a system of comparative beliefs that exist when the
subject is sufficiently rational. In B. O. Koopman’s words,

. . . all the axiomatic treatments of intuitive probability current in the
literature take as their starting point a number (usually between 0
and 1) corresponding to the “degree of rational belief”. . . Now we
hold that such a number is in no wise a self-evident concomitant with
or expression of the primordial intuition of probability, but rather a
mathematical construct derived from [comparative beliefs] under very
special conditions. . . (1940, p. 269)

The comparativist can still say that Ally has partial beliefs—there is some objec-
tive way Ally must be such that we can say she believes p to degree x—but to the
extent she does, this is explicable via her comparative beliefs.

Comparativism comes in a range of shapes and sizes, with advocates going back
at least as far as Keynes (1921), de Finetti (1931), Koopman (1940), Fine (1973),
and in more recent years, Zynda (2000), Hawthorne (2016), and Stefánsson (2017,
forthcoming). But from the beginning, it has been centrally motivated by the need
to explain “where the numbers come from.” As Koopman points out, the values
we use to talk about the strengths of beliefs are not an essential part of those
beliefs—there are no numbers in the head, and any position that take numerical
strengths of belief as a given is fundamentally mistaken. The numbers serve as part
of a conventional system for the representation and measurement of psychological
phenomena which are fundamentally qualitative in nature. And anyone who wants
to explain what partial beliefs are has to say, in purely qualitative terms, just what
the strength of belief is a measure of, and why it makes sense to measure it as
we do. The central appeal of comparativism lies in its promise to explain the
measurement of belief in a scientifically respectable way—indeed, in a way that’s
closely analogous to the measurement of length, mass, and other basic quantities.

I think the comparativist is right to look for something qualitative to explain
where the numbers come from. The strength of a belief is not a part of the content
of that belief, and it’s clear that there are no deep metaphysical connections
between (say) Ally’s being certain of some proposition and the number 1, or 100,
or any other real number. But I do not think that comparativism has identified
the right qualitative structures. The analogy with the measurement of length
is misguided. There are too many things that we ought to be able to say about
partial beliefs which—I will argue—we cannot say given a comparativist’s account
of what those beliefs are. And, more importantly, there are alternative ways to
construct appropriate scales for the measurement of belief that need not face the
same expressive limitations.

After setting out some background assumptions in §2, in §3 I discuss a prima
facie challenge to comparativism—that is, to make sense of quantitative facts
about confidence using only qualitative comparisons—and I also outline the stan-
dard response from measurement theory. This response relies on a number of very
strong and empirically suspect assumptions, but in §4, I discuss how, and to what
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extent, it can be generalised. A substantial generalisation is achieved by means of
a simple ‘Ramseyan’ representation theorem, with axioms demonstratively weaker
than those to which comparativists usually appeal. Nevertheless, in §5 I will also
highlight a number of important expressive limitations that face any variety of
comparativism; and in §6, I argue that despite recent defences, comparativists
still lack an adequate account of how we make interpersonal comparisons.

Ultimately, though, the plausibility of comparativism should only be consid-
ered relative to its rivals. After all, it may be that all the best alternatives to
comparativism suffer from the same—or even worse!—expressive limitations, or
otherwise fail to offer as satisfying an account of what our beliefs are like. Con-
sequently, in §7 I will sketch an alternative non-comparativist account of the
measurement of belief.

On the approach that I’ll favour here, the numerical degree attached to a
belief that p is in the first instance a measure of its role in fixing the utilities
of choices with outcomes conditional on p. To facilitate discussion, we’ll call this
view expectationism. But to give it a new name is not to suggest that it is new: we
find versions of expectationism in de Finetti (1974)’s betting interpretation and in
Ramsey’s (1931) construction of partial beliefs out of utilities; for other examples,
see also Suppes (1986), Suppes and Zanotti (1976, 1982), and Clark (2000).

With an expectationist account of where the numbers come from, the option
is open to treat partial beliefs as the more fundamental doxastic state, with each
assigned a strength that reflects in the first instance its role in decision making
under conditions of uncertainty. Facts about comparative beliefs then fall out of
the facts about the relative strengths of partial beliefs in a natural and intuitive
way. Nothing about expectationism requires positing numbers in the head: it is
qualitative all the way down. Moreover, it has greater expressive power than com-
parativism, it explains the possibility of interpersonal comparisons, and it captures
the sense in which the numerical models we use to represent our partial beliefs are
conventional, and in some cases overly precise—or not precise enough.

2 Background Assumptions
I assume throughout that for any agent A, the propositions regarding which A
has beliefs can be modelled as subsets of some space of possible worlds, Ω. By
‘possible worlds’, I mean worlds closed under a consequence relation at least as
strong as classical propositional logic. There are really three assumptions being
rolled into one here: first, that propositions can be modelled using sets of worlds;
second, that the worlds in question are possible; and third, that the contents of
any agent’s beliefs can be represented using sets taken from the same space of
worlds. Nothing very important hangs on the first, which is merely for the sake of
convenience and consistency with the comparativist literature. The second matters
only to the arguments of §4.2; my reasons for making it are discussed briefly at
the beginning of that section, and in much greater detail in (Elliott forthcoming).
The third is only there to facilitate the discussion of interpersonal comparisons.

Next, for any agent A, we let BA ⊆ ℘(Ω) denote that set of propositions
regarding which A has beliefs (i.e., whether partial or comparative). So, if A
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considers p to be more likely than q, then both p and q will be in BA; and if A
partially believes r, then r will also be in BA. For the sake of simplicity, I’ll tend
to focus on the case where BA is finite. I do not assume that BA = BB, for distinct
agents A and B.

Given this, I assume that A’s full range of comparative beliefs can be modelled
with a single binary relation %A on BA, where:

p %A q iff A believes p at least as much as she believes q

(In the sequel, I’ll drop the indices to the agent from ‘%’ and ‘B’, except where
they’re needed to avoid ambiguity.) I’ll refer to % as a belief ranking.

Implicit in this last assumption are two substantive commitments that com-
parativists in general need not accept, which are worth pausing to highlight.

First, where �, ≺, ∼, and - stand for the doxastic comparatives more, less,
equally, and at most as much as respectively, I am essentially assuming that for
all agents, the following condition holds:

A0. For all p, q ∈ B,

(i) p � q iff q ≺ p
(ii) p % q iff q - p

(iii) p ∼ q iff p % q and q % p
(iv) p � q iff p % q and q 6% p

From (iii) and (iv), it follows that ∼ and � constitute the symmetric and asym-
metric parts of % respectively; hence,

p % q iff p � q or p ∼ q

Nothing about A0 should be considered obvious or trivial. For example, contrary
to (iii) and (iv), Ally might think that p is at least as likely as q, without thereby
thinking either that p is more likely than q, or that p is just as likely as q. Nev-
ertheless, by taking A0 for granted throughout, the following discussion will be
simplified considerably. My critical arguments should not depend on this assump-
tion in any crucial way.

Second, by assuming that the relevant class of comparative beliefs can be
represented by a binary relation on B, I am setting aside an important class of
comparativist views—advocated for example by Koopman (1940) and Hawthorne
(2016)—according to which an agent’s comparative beliefs will be better repre-
sented by a quaternary relation %? on B, such that

p, q %?
A r, s iff A believes p given q at least as much as she believes r given s

I believe that most of the main critical points raised in what follows have close
analogues for (let’s call it) quaternary comparativism, but I’ll not argue for that
claim.
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3 The Cardinality Challenge
In this section, I raise a basic challenge that any comparativist position needs
to deal with. We’ll call it the cardinality challenge: to explain how we can make
sense of quantitative facts about beliefs and their comparisons in terms of purely
qualitative comparative beliefs. I begin by introducing the challenge in a little more
detail, and then I will outline a very standard response. As we’ll see, this response
generates its own problems in the case of non-ideal agents, and in §4, I’ll discuss the
prospects for improving it. Once we have in view the kind of things comparativists
say in answering the cardinality challenge, we will be better equipped to discuss
comparativism’s limitations in §§5-6.

To get an initial sense of the problem, contrast the qualitative comparison (1)
with the quantitative comparisons (2) and (3):

(1) Ally believes p more than she believes q
(2) Ally believes p twice as much as she believes q
(3) Ally believes p much more than she believes q

Any adequate account of what our beliefs are like needs to be able to explain the
clearly sensible distinctions between these claims—and not just because they are
intuitively distinct. It’s important to make sense of quantitative comparisons be-
cause the extra-ordinal quantitative information contained in our numerical mod-
els of belief does important theoretical work. Quantitative information is relevant
to, e.g., the explanation of behaviour in most varieties of normative and descrip-
tive decision theory, the assessment of overall accuracy, and the measurement
of confirmation; for further details and discussion on these points, see (Vassend
forthcoming), and (Levinstein 2013, pp. 23ff).

However, (2) and (3) present a prima facie problem for comparativism. Both
imply (1), and in that sense carry at least as much information as is carried by the
purely qualitative comparison. In the other direction, (1) implies neither (2) nor
(3). Knowing just that Ally has more confidence in p than in q tells you nothing
about how much more confidence is involved. Since comparativism can only help
itself directly to qualitative comparisons of the kind found in (1), on a first pass
it doesn’t seem to have enough resources to explain quantitative comparisons.

By drawing on the theory of measurement, however, the comparativist has a
powerful response. The basic strategy that I’ll outline here goes at least as far back
as (de Finetti 1931), though (as we’ll see in §4.2) there’s at least an inkling of the
same idea in (Ramsey 1929). It is discussed in some depth by Fine (1973, pp. 68ff),
and more recently by Stefánsson (2017). Let me first explain how, according to
the theory of measurement, we can extract quantitative information about lengths
from purely qualitative comparisons of relative length. We will then discuss how
the same idea might be applied in the case of belief.

Let o1 and o2 refer to a pair of concrete objects, and consider the following:

(4) o1 is longer than o2
(5) o1 is twice as long as o2
(6) o1 is much longer than o2
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(5) obviously contains strictly more information than (4), and it’s easy to see what
that additional information amounts to. Suppose you were to take two objects the
same length as o2 which share no parts, and join them end-to-end; (5) then implies
that the resulting object would be just as long as o1. Roughly: o1 is as long as two
‘copies’ of o1 joined end-to-end. Call the operation of joining objects end-to-end
concatenation. Intuitively, concatenation acts as a qualitative analogue of ‘adding’
objects’ lengths together. And once we have a way of saying what it is to ‘add’
lengths, it’s a short step to explaining what it is for one object to be n times as
long as another, or much longer than another. So, for (6), say that o1 is much
longer than o2 just in case the difference in length between the two is at least that
of some contextually-determined threshold length o3. Then, (6) holds whenever o1
is at least as long as o2 concatenated with any object no longer than o3.

Thus, we are able to give real-world, qualitative meaning to the quantitative
comparisons in (5) and (6) wholly by reference to properties possessed by the is
longer than relation that it holds in connection to addition-like concatenations.
And we can make the analogy between addition and concatenation precise. Where

o1 %
l o2 iff o1 is at least as long as o2,

o1 ⊕ o2 = the concatenation of o1 and o2,

it’s safe to presume that %l is transitive and complete, and that ⊕ is positive,
commutative, associative, and qualitatively additive with respect to %l , in the
respective senses that for all objects o1, o2, o3 with non-zero length that share no
parts,

(i) o1 ⊕ o2 �l o1 (%l -positivity)
(ii) o1 ⊕ o2 ∼l o2 ⊕ o1 (%l -commutativity)

(iii) o1 ⊕ (o2 ⊕ o3) ∼l (o1 ⊕ o2)⊕ o3 (%l -associativity)
(iv) o1 %

l o2 iff o1 ⊕ o3 %l o2 ⊕ o3 (%l -qualitative additivity)

That is: inasmuch as %l behaves like ≥ over the real numbers, so too does ⊕
behave like +.2 And from that starting point, it is straightforward to ensure that
any numerical measures we develop explicitly capture the additional extra-ordinal
structure we’ve identified in %l .

So let’s return to comparativism. If the comparativist wants to use the same
strategy to make sense of the distinctions between (1), (2), and (3), then they
need to identify an operation on the relata of the belief rankings (i.e., propositions
qua sets of worlds) which behaves sufficiently like addition to justify treating it as
the qualitative analogue thereof. It is common at this point to suggest the union
of disjoint sets, but it’s possible to say something more general than that. Where

2 See (Krantz et al. 1971, esp. §3.2.1) for further discussion. Conditions (i)-(iv) are not quite
sufficient to establish that ⊕ can be mapped onto + whenever %l is transitive and complete;
for that, we also need an Archimedean condition: if o1 �l o2, then for any o3, o4, there exists a
positive integer n such that (n)o1 ⊕ o3 %l (n)o2 ⊕ o4, where (n)o1 is defined: (1)o1 = o1, and
(n + 1)o1 = (n)o1 ⊕ o1. Since the Archimedean condition in the probabilistic case (discussed
below) is significantly more difficult to state, I’ve neglected to mention it here. A statement
of an Archimedean condition for the additive measurement of belief rankings can be found in
(Chateauneuf and Jaffray 1984, p. 193).
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certain structural conditions hold true of %, a qualitative analogue of addition
exists in the union of what I’ll call epistemically exclusive propositions, where two
propositions are epistemically exclusive for an agent just in case the agent has
minimal confidence in their intersection. (I define this formally below.)

To fully spell out the present suggestion, I’ll need to introduce some vocabulary.
First, say that a function C : B 7→ R agrees with % on B iff, for all p, q ∈ B,

p % q iff C(p) ≥ C(q)

Furthermore, say that C almost agrees with % iff, for all p, q ∈ B,

p % q only if C(p) ≥ C(q)

The first step of the response is then to suppose that a probability function agrees
with %, where:

Definition 1. C : B 7→ R is a probability function iff B is a algebra of sets on
Ω, and for all p, q ∈ B,

(i) C(Ω) = 1
(ii) C(p) ≥ 0

(iii) If p ∩ q = ∅, then C(p ∪ q) = C(p) + C(q)

Definition 2. B ⊆ ℘(Ω) is a algebra of sets on Ω iff, for all p, q ∈ ℘(Ω),

(i) Ω ∈ B

(ii) If p ∈ B, then Ω \ p ∈ B

(iii) If p, q ∈ B, then p ∪ q ∈ B

Furthermore, a non-empty element a ∈ B is an atom iff for all p ∈ B, a∩p = a
or a ∩ p = ∅

Next, we know the exact conditions under which a probability function agrees
with a belief ranking. In the finite case, these conditions are summarised in the
following theorem (due to Scott 1964):3

Theorem 1. If B is finite algebra of sets on Ω and % is a binary relation on
B, then there exists a probability function C that agrees with % iff % satisfies:

A1. % is complete

A2. % is reflexive

A3. ∅ 6% Ω

A4. For all p ∈ B, p % ∅
A5. Where 1p denotes the indicator function of p, and (pi)

n
i=1 and (qi)

n
i=1 are

finite sequences of propositions from B, then if

(i)
∑n

i=1 1pi(ω) =
∑n

i=1 1qi(ω) for all ω ∈ Ω, and
(ii) pi % qi, for i = 1, . . . , n− 1,

then qn % pn

3 Given A1 and A5, A2 is redundant. It has been included for the sake of a later discussion.
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For our present purposes, the specifics of A1-A5 don’t matter. What’s important
is what they imply with respect to epistemically exclusive propositions. We can
define these as follows:4

Definition 3. For all p ∈ B,

(i) p is minimal iff q % p, for all q ∈ B

(ii) p is maximal iff p % q, for all q ∈ B

Definition 4. P ⊆ B is a set of epistemically exclusive propositions iff, for all
P′ ⊆ P such that |P′| ≥ 2, for some minimal q,⋂

pi∈P′

pi ∼ q

Furthermore, p, q, r, . . . are epistemically exclusive iff there is a set of epistem-
ically exclusive propositions P such that p, q, r, · · · ∈ P

In the context of A1-A5, p and q are epistemically exclusive just in case their
intersection is as likely as ∅. The somewhat tortured Definition 4 will be useful
below, when we generalise away from probability functions.

We can now state the crucial point in relation to the quantification of belief:
A1-A5 imply that % is transitive and complete, and that for all epistemically
exclusive propositions p, q, r,

(i) p ∪ q % q, with � replacing % whenever p is non-minimal (%-positivity)
(ii) p ∪ q ∼ q ∪ p (%-commutativity)

(iii) p ∪ (q ∪ r) ∼ (p ∪ q) ∪ r (%-associativity)
(iv) p % q iff p ∪ r % q ∪ r (%-qualitative additivity)

Furthermore, since B is an algebra of sets on Ω, whenever p ⊆ q, there will be some
proposition r disjoint from (and therefore epistemically exclusive of) p such that
p∪r = q. Hence, we can treat any proposition in B as the ‘sum’ of some collection
of epistemically exclusive propositions, with ∅ acting as an identity element.

To turn all this into a response to the cardinality challenge, let probabilistic
comparativism denote any version of comparativism committed to the following:

Probabilistic Comparativism: If a probability function C agrees with Ally’s
belief ranking, then C models Ally’s beliefs simpliciter

It should be noted that nothing commits the probabilistic comparativist to saying
that partial beliefs can only be modelled by probability functions, which would
clearly be unreasonable. For example, and as (Joyce 2015, pp. 416-7) notes, if
all we care about are ratios of differences of strength of belief, then whenever
C : B 7→ [0, 1] adequately captures those ratios, then so too will any of its linear
transformations, where C? : B 7→ R is a linear transformation of C iff, for any pair
of real values n 6= m,

C?(p) = (n−m) · C(p) +m

4 Definition 4 implies that every singleton set of propositions is trivially a set of epistemically
exclusive propositions. This is a feature, not a bug.
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However, I leave it to comparativists to formulate necessary and sufficient condi-
tions for representational adequacy according to their individual preferences—my
arguments will depend only on the sufficiency condition.

Given probabilistic comparativism, it’s immediately apparent how an answer
to the cardinality challenge would go. Supposing Ally’s comparative belief satisfy
A1-A5, it follows that the union of epistemically exclusive propositions behaves for-
mally just as one would want of any qualitative analogue of addition. From there,
we can start to cash out the meaning of quantitative belief comparisons with-
out too much difficulty. Consider the following, which is a relative of Stefánsson’s
(forthcoming, p. 6) ‘Ratio Principle’:

General Ratio Principle (GRP): For integers n,m such that 0 < n ≤ m,
if there are m non-minimal epistemically exclusive propositions r1, . . . , rm such
that

(i) r1 ∼ · · · ∼ rm,
(ii) r1 ∪ · · · ∪ rm ∼ q, and

(iii) r1 ∪ · · · ∪ rn ∼ p,

then p is believed n/m times as much as q

So, for instance, Ally will take p to be twice as likely as q if there is some proposition
q′ disjoint from q such that q ∼ q′ and q ∪ q′ ∼ p. And whenever the GRP implies
that p is believed n/m times as much as q, for any probability function C that
(almost) agrees with %,

C(q) = n/m · C(q)
Additional (and quite strong) existential assumptions are required if we want

to use the GRP to make ratio comparisons for all non-minimal p, q ∈ B. Where B

is finite, one such assumption would be:

Suppes Continuity: If p � q, then there is an r ∈ B such that q ∪ r ∼ p

More generally, we’d need something that implies that for any pair of propositions
p and q, there are p′ and q′ just as probable as p and q respectively, where both
p′ and q′ are equal to the union of a finite number of disjoint propositions all of
which are as probable as each other.

In the context of A1-A5, the additional assumption will entail that at most one
probability function agrees with %. As I’ll show in §5, quantitative comparisons
are trickier to deal with when more than one probability function agrees with %.
But for now, enough has been said to establish that if we assume that a probability
function agrees with %, then % has the right kind of structure to let us explain at
least some quantitative confidence comparisons in more or less the same way we
explain quantitative comparisons of length.

4 Prospects for Deidealisation
It’s clear that the GRP cannot be applied to arbitrary belief rankings. For instance,
suppose that Ally’s belief ranking includes the following, where q ∩ q′ is minimal:

q ∼ q′ � p ∼ q ∪ q′ � q ∩ q′
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To make use of the GRP in this case is to invite absurdity: obviously, we wouldn’t
want to say that Ally believes p twice as much as q, even when she believes q more
than p! We’ve seen that the union of epistemically exclusive propositions behaves
like addition when A1-A5 are satisfied, but those are the kinds of conditions we
could only reasonably expect to be satisfied by an ideally rational agent. An ordi-
nary agent like Ally probably won’t satisfy all of A1-A5—arguably, not even to a
very close approximation.

It would be unreasonable to say that Ally doesn’t have partial beliefs merely
because she’s not ideally rational, or that the satisfaction of A1-A5 are neces-
sary conditions for the sensibility of quantitative comparisons. That would be
manifestly implausible: even if she were highly irrational, Ally could still believe
one proposition much more than she believes another, or at least twice what she
believes another.5 Generally speaking, our capacity to make quantitative compar-
isons such as these isn’t hostage to any presupposition of ideal rationality. And
an explanation of quantitative comparisons that works only in the ideal case is,
at best, incomplete—and at worst, no explanation at all.

None of this is to deny the obvious point that sometimes it’s useful to get
an explanation of some phenomenon working for idealised cases before moving
on to less ideal cases. That is how science works in general, and it’s exactly how
we should expect things to work here. But an idealised model does real-world
explanatory work only to the extent that the model does not depend critically on
the idealisations in question. Idealised models have explanatory value when the
conclusions we can draw from them are robust under variations to their idealising
conditions (see Saatsi 2016); they should not break down when realism is added
back in. In the present case, then, it would be good to have some assurance
that the strategy for answering the cardinality challenge outlined above doesn’t
depend critically on unrealistic assumptions. We need reasons to believe that the
basic structure of the response is able to survive the process of deidealisation.

There are three main ways that comparativists could respond to this challenge.
First, they could deny that ordinary agents fail to satisfy, or come close to satisfy-
ing, A1-A5. Second, they could suggest that we need a disjunctive explanation of
quantitative comparisons, with one style of explanation for ideally rational agents
that appeals to the union of epistemically exclusive sets, and another distinctive
style of explanation (or explanations) for non-ideal agents, depending on what-
ever theory of measurement is appropriate for their non-ideal belief rankings. And
third, they could generalise the response to the cardinality challenge, such that it
does not need to appeal to conditions as strong as A1-A5. The main purpose of
this section is to consider the third response—that is, to see just how far one can
go towards weakening the constraints on belief rankings to make them more real-
istic, while still preserving the purported analogy between addition and the union
of epistemically exclusive sets. But before that, let me say a few words about why
I don’t think the first two responses are viable.

5 The point here is independent of the question of how precise ordinary agents partial beliefs
are. Even if Ally’s beliefs were uniformly imprecise and not well represented by any single real
number, she could still believe p much more, or at least twice as much as, q.
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First, on the suggestion that ordinary agent’s belief rankings may in fact come
quite close to satisfying A1-A5. The literature on how close ordinary humans come
to being probabilistically coherent is vast, and most aspects of it are controversial.
I will state some of the reasons for thinking that these conditions are empirically
unrealistic in §4.1-4.2, and §5.1, which I won’t repeat here. But I will say this: even
the most committed of ‘descriptive’ Bayesians typically only claim that classical
(additive) probabilities provide useful idealising models for analysing the compu-
tational problems that humans face in domains where we should expect cognition
to be especially well optimised (cf. ? ?, p. 288)—for example, in vision (e.g., ? ?;
? ?; but cf. ? ?; ? ?), motor control (?), and language processing (?). Outside
of these kinds of domains, the evidence that we frequently make probabilistic er-
rors in reasoning is overwhelming. Consequently, the widespread opinion is that
in many cases—and especially in cases of conscious reasoning and judgements of
both numerical and relative likelihoods—additive probabilistic models are insuffi-
ciently general to capture the empirical phenomena we’ve observed. (I will return
to this in §5.1.)

Second, a disjunctivism about the meaning of quantitative comparisons seems
a very desperate move. For one thing, it leaves the response to the cardinality
challenge incomplete: at best, we’ve been given an explanation of how quantita-
tive comparisons can be made under conditions that probably don’t obtain for
any real agent. But setting that aside, there is a bigger issue with the disjunctivist
approach. If different operations on propositions are supposed to play the role of
‘addition’ for different agents, each contingent on whatever operation is appropri-
ate for that agent’s idiosyncratic belief ranking, then quantitative comparisons in
general would become useless. Before we could know what it means for Ally to
believe p twice as much as q, we would first have to take into account her entire
belief ranking, work out what operation plays the ‘addition’ role with respect to
it, and only then make sense of the comparison. Without knowledge of the overall
structure of her belief ranking, the only thing the comparison tells us is that she
believes p more than q, and that there is some binary operation O (I know not
what) that shares certain formal properties with addition such that O(q, q) = p.
The latter is utterly trivial given that % is transitive and complete, and the former
we didn’t need quantitative comparisons to express. Worse, if the account of how
we make quantitative comparisons varies depending on the agent we’re considering
at the time, then accounting for interpersonal comparisons will be even harder for
comparativists than it already is.

All else being equal, it would be better to have an explanation of how we
make quantitative comparisons that applies equally well to the lowest common
denominator. This is the kind of account I intend to put forward in §7. And the
most plausible comparativist account will, likewise, offer a unified rather than
disjunctive approach to the measurement of belief. Given this, our concern for the
rest of this section is to see how far can we push the purported analogy between
addition and the union of epistemically exclusive sets.
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4.1 Incompleteness and Imprecision
Here, I briefly deal with a concern that relates specifically to A1, which states that
% must be complete. For non-ideal agents—and perhaps even for ideally rational
agents—completeness is widely considered implausible. Especially where B is very
large, we should expect plenty of gaps in %. Consider:

p = The global population in 2100 will be greater than 13 billion
q = The next card drawn from this old and incomplete deck will be a heart

p and q are sufficiently far removed from one another that it’s hard to make a
judgement as to which is more likely than the other. Similar examples abound.

There is a standard way of dealing with incomplete belief rankings to which
comparativists can (and do) appeal. Where F is any set of real-valued functions
on B, say that F agrees with % just in case for all p, q ∈ B,

p % q iff C(p) ≥ C(q) for all C ∈ F

Modelling beliefs by sets of numerical functions works by supervaluation: only
what’s common to every function in F is treated as having real-world import. The
following theorem from (Alon and Lehrer 2014) then shows that the comparativist
can do without A1 entirely:

Theorem 2. If B is finite algebra of sets on Ω and % is a binary relation on
B, then there exists a non-empty set of probability functions F that agrees with
% iff % satisfies A2-A4, and:

A5?. Where (pi)
n
i=1 and (qi)

n
i=1 are finite sequences from B, and (ki)

n
i=1 is a

finite sequence from N, then if

(i)
∑n

i=1 ki · 1pi(ω) =
∑n

i=1 ki · 1qi(ω) for all ω ∈ Ω, and
(ii) pi % qi, for i = 1, . . . , n− 1,

then qn % pn

In the context of A2-A4, A5? is stronger than A5 (see Harrison-Trainor et al. 2016).
And note that while there may sometimes be more than one set of probability
functions F that agrees with %, the union of all such sets will itself agree with %.
So there is always a unique F that agrees with % which is maximal with respect
to inclusion, whenever % satisfies A2-A5?.

Let imprecise-probabilistic comparativism refer to any kind of comparativism
that’s committed to the following:

Imprecise-Probabilistic Comparativism: If a non-empty set of probabil-
ity functions F agrees with Ally’s belief ranking and F is maximal with respect
to inclusion, then F models Ally’s beliefs simpliciter

Importantly, since any C in an agreeing set F almost agrees with %, the imprecise-
probabilistic comparativist does not need to give up on the GRP. Furthermore,
imprecise-probabilistic comparativism can very naturally accommodate imprecise
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partial beliefs. For, once we have a model of an Ally’s beliefs in terms of a set
of probability functions F, we can say that Ally has an imprecise partial belief
regarding p whenever there is disagreement amongst the probability functions in
the maximally inclusive set F regarding the numerical value of p—with the extent
of the imprecision corresponding exactly to the range of the disagreement.

4.2 Logical Omniscience and Ramseyan Comparativism
A second major reason to think that Ally’s belief ranking might not satisfy the
conditions necessary for the existence of an agreeing probability function attaches
to the following property, which is a consequence of A2-A5/A5?:

If p ⊆ q and p, q ∈ B, then q % p (monotonicity)

Monotonicity generates a probabilistic version of the classic problem of logical
omniscience: if the worlds in Ω are closed under any consequence relation⇒ what-
soever, then for all p, q ∈ B,

If p⇒ q, then q % p (logical omniscience)

That is, any monotonic belief ranking over a space of worlds closed under a con-
sequence relation ⇒ is necessarily coherent with respect to ⇒. And where ⇒ is
at least as strong as classical propositional logic, it is not especially plausible that
% will be monotonic for ordinary agents.

It might be that impossible worlds could help to make monotonicity seem more
palatable. So long as we are loose enough with what we count as a ‘world’, it’s
easy enough to formally construct a space of worlds Ω that isn’t closed under
anything but the trivial consequence relation p⇒ q iff p = q (e.g., Rantala 1982).
In such a case, monotonicity seems hardly problematic—it amounts only to the
requirement that % be reflexive, which is as plausible a requirement on % as they
come. The use of impossible worlds to deal with the probabilistic problems of
logical omniscience has been suggested in the recent literature by Cozic (2006)
and Halpern and Pucella (2011, §4). I do not think that this strategy ultimately
works—closing B under the usual Boolean operations will force us into accepting
either that ⇒ is at least as strong as classical propositional logic, or that the
union of any two ‘meaningful’ propositions is itself ‘meaningless’, and hence not
fit to stand in any belief ranking. However, since these points have been discussed
at length in (Elliott, forthcoming), I want to set the suggestion aside here without
further argument, and in this section consider an alternative—and I think much
more interesting—response to the probabilistic problems of logical omniscience.

The alternative I have in mind was briefly discussed by Brian Weatherson
(2016, pp. 223-4), himself inspired by the following remark in Ramsey (1929):

[. . . ] ‘Well, I believe it to an extent 2/3’, i.e. (this at least is the most
natural interpretation) ‘I have the same degree of belief in it as in p∨q
when I think p, q, r equally likely and know that exactly one of them
is true’. (p. 256)
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A good start, perhaps—but neither Ramsey nor Weatherson go beyond this initial
idea in their discussions, and as we’ll see there are a few more things that still
need to be said before we can turn it into a plausible account of partial belief. So
let me fill in the gaps. First I’ll need to introduce some more terminology.

Definition 5. A non-empty set of epistemically exclusive propositions P is an
pseudopartition of p iff qi ∼ qj for all qi, qj ∈ P, and

⋃
qi∈P qi ∼ p

In these terms, the basic idea that Ramsey is pushing is: p is believed to the degree
n/m just in case p ∼ q1 ∪ · · · ∪ qn, where q1, . . . , qn are n distinct members of an
m-membered pseudopartition of some maximal proposition (where it’s assumed
that a maximal proposition is believed to degree 1 as a scaling device).

It’s possible to generalise Ramsey’s suggestion further. Imagine the following
case. We have a very simple atomic algebra with three atoms, a1, a2, and a3, and:

Ω � a3 ∪ a1 ∼ a3 ∪ a2 � a3 ∼ a1 ∪ a2 � a1 ∼ a2 � ∅

The set {a3, a1 ∪ a2} is a 2-membered pseudopartition of the maximal proposition
Ω, so Ramsey would have us say that C(a3) = C(a1 ∪ a2) = 1/2. The propositions
a1 and a2 do not belong to any pseudopartition of Ω, so we do not yet have any
purchase on the strength with which they’re believed. However, we can also see
that {a1, a2} forms a 2-membered pseudopartition of a1 ∪ a2, so it’s only natural
that we would want C(a1) = C(a2) = 1/4. Hence, in what follows we will make
much use of the following definition:

Definition 6. For integers n,m such that 0 ≤ n ≤ m, 0 < m, p is

(i) 0/m-valued if p ∼ q for some minimal q
(ii) n/n-valued if p ∼ q for some maximal q

(iii) n/m-valued if p ∼ q1 ∪ · · · ∪ qn′ , where q1, . . . , qn′ are n′ distinct members
of an m′-membered pseudopartition of an n′′/m′′-valued proposition, and
n′/m′ · n′′/m′′ = n/m

We can now easily state the generalised version of Ramsey’s suggestion: an agent
believes p to degree n/m whenever p is n/m-valued, relative to that agent’s belief
ranking. The connection to the GRP should be clear. In fact, using the terminology
introduced by Definition 5, the GRP states that for n ≤ m, p is believed n/m times
as much as q whenever P is an m-membered pseudopartition of q, and P′ ⊆ P

is an n-membered pseudopartition of p. In this kind of case, Definition 6 implies
that if p is n′/m′-valued and q is n′′/m′′-valued, then n′/m′ = n/m · n′′/m′′. Thus, the
generalised Ramseyan suggestion recaptures the GRP exactly.

Let us therefore define a Ramsey function as follows:

Definition 7. C : B 7→ [0, 1] is a Ramsey function relative to % on B iff, for
all p ∈ B, if p is n/m-valued, then C(p) = n/m

In the sequel, I’ll ignore the relativisation of Ramsey functions to belief rankings
where the intention is obvious.
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Ramsey doesn’t say anything about possible cases where p is not n/m-valued, for
any n, m. (Examples of this would be a1∪a3 and a1∪a2 in the case above.) This is a
gap that the Ramseyan suggestion doesn’t cover, but perhaps not a very troubling
one. One might simply assume that such cases don’t exist. Let B? ⊆ B designate
that set of propositions which are n/m-valued. Then, the relevant assumption is
simply:

B1. B? = B

I’m inclined to think that B1 is close to correct in most cases, and we can treat it
as a reasonable idealisation for now. (Below, I’ll show how to do without it.)

But B1 only ensures that every p ∈ B is n/m-valued; it isn’t yet enough to
ground a plausible comparativist story. There are two additional problems that
can arise in the absence of any additional assumptions about the structure of %.

First: nothing has been said to guarantee that Definition 7 is consistent. For
note that, absent further assumptions about the structure of %, it’s entirely pos-
sible for, e.g., p ∼ q ∼ r, where q belongs to a 2-membered pseudopartition and r
belongs to a 3-membered pseudopartition. This is clearly undesirable: Ally can’t
believe p to the precise degrees 1/2 and 1/3 simultaneously! More generally, if Ram-
sey functions are to be well defined, it’ll need to be the case that if p is n/m-valued
and n′/m′-valued, then n/m = n′/m′.

Second: nothing has been said to guarantee that a Ramsey function relative
to % will agree with %. Indeed, nothing ensures that C(p) ≥ C(q) if or only if
p % q. For example, p could be 1/2-valued, and q 1/4-valued, yet q % p. I take it
that this is wholly unacceptable: if the order of the numerical strengths we assign
to partial beliefs doesn’t at least match up to the belief ranking, then there’s no
natural sense in which those strengths are a measure of the structure induced on
B by that relation.

In the context of B1, we can kill these two birds with one stone, using the
following (quite strong) axiom:

B2. If p is n/m-valued and q is n′/m′-valued, then p % q iff n/m ≥ n′/m′

B2 implies that % is transitive and complete over B?, and, interestingly, that if p
and q belong to the same pseudopartition of r and r is non-minimal, then p 6⊆ q.6

Thus, there are some logical restrictions on what kinds of propositions we can
‘add’. More importantly, B2 is an obviously necessary condition for any Ramsey
function to agree with %, as the following theorem (proven in the Appendix)
shows:

Theorem 3. If % is a binary relation on B ⊆ ℘(Ω), then % satisfies B2 iff
there exists a function C : B 7→ R such that:

(i) C is a Ramsey function with respect to %, and
(ii) For all p, q ∈ B?, p % q iff C(p) ≥ C(q)

6 B2 entails that if a pseudopartition P of r contains minimal propositions, then every p ∈ P

and r is minimal. If p, q belong to some pseudopartition P of r, then if p ⊆ q, p ∩ q = p. By
Definition 4 and 5, p is minimal, so r is minimal.
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Furthermore, if % also satisfies B1, then C uniquely satisfies (i) and (ii)

It is easy to check that B2 is implied already by A1-A5/A2-A5?. B1 is not a
consequence of those axioms, though it is worth pointing out that it does follow
from Suppes Continuity in the context of A1-A5. And, importantly, B1-B2 do not
imply monotonicity, except with respect to the unions of propositions that belong
to the same pseudopartition.

To see that B1 and B2 are consistent with non-probabilistic Ramsey functions,
consider the following simple example. We let the domain of C be as follows:

B = {∅, p, q, p ∩ q, p ∪ q,Ω}

Now suppose that % is transitive and reflexive, and:

p ∪ q � Ω ∼ p ∼ q � p ∩ q ∼ ∅

% satisfies B1 and B2. Since {p, q} is a 2-membered pseudopartition of the maximal
proposition p ∪ q, C(p) = C(q) = 1/2, and C(p ∪ q) = 1. Ω is neither maximal nor
the member of any non-trivial pseudopartition, but it’s just as likely as p; hence
C(Ω) = 1/2.

On the basis of Theorem 3, we could characterise a comparativist view as
Ramseyan whenever it implies:

Ramseyan Comparativism: If Ally’s belief ranking % satisfies B1 and B2
and C is a Ramsey function relative to %, then C represents Ally’s beliefs
simpliciter

But I think we can do better still than Ramseyan comparativism, by taking a leaf
out of the imprecise-probabilistic comparativist’s book and using sets of Ramsey
functions to model %. This will allow us to deal with cases where B1 fails.

4.3 Imprecise-Ramseyan Comparativism
We will need the following additional axiom:

B3. % is a preorder

B3 is obviously necessary if any set of real-valued functions is to agree with %.
For simplicity, we focus on the case where B is countable; thus,

Theorem 4. If % is a binary relation on a countable set B ⊆ ℘(Ω), then %
satisfies B2 and B3 iff there exists a non-empty set F of functions into [0, 1]
that agrees with %, where every C ∈ F is a Ramsey function relative to %

A proof is provided in the Appendix. As with Theorem 2, whenever B2 and B3
are satisfied, there will be a unique F that’s maximal with respect to inclusion.
Hence, let imprecise-Ramseyan comparativism denote any comparativist view that
implies:
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Imprecise-Ramseyan Comparativism: If a non-empty set F of functions
into [0, 1] agrees with Ally’s belief ranking %, where every C ∈ F is a Ramsey
function relative to %, and F is maximal with respect to inclusion, then F

models Ally’s beliefs simpliciter

According to imprecise-Ramseyan comparativism, any proposition p not in B? will
not usually be assigned a precise numerical value, though we can still supervaluate
over F to generate ‘imprecise’ strengths of belief.

Furthermore, if any probability function C almost agrees with %, then % sat-
isfies B2 and B3, and C is therefore a Ramsey function relative to %. That is, a
Ramsey function never conflicts with any probability function (or set of proba-
bility functions) that agrees with %. And consequently, if p is n/m-valued, then
C ′(p) = n/m for all probability functions C ′ that almost agree with %.

This may seem like very good result to have: most (imprecise-)probabilistic
comparativists will at least want to say that if a unique probability function C
agrees with Ally’s belief ranking, then C represents Ally’s beliefs. The (imprecise)-
Ramseyan comparativist can say exactly this, without supposing that % satisfy
conditions that are nearly as strong as A1-A5 or A2-A5?. Nevertheless, we’ll see
in the next section that the result leads to problems in cases where the stronger
conditions are satisfied but a probabilistic C seems inappropriate.

But before we get to that, let’s take stock. The standard comparativist re-
sponse to the cardinality challenge is based on an analogy with the measurement
of length: to say that p is n times more likely than q, we just need to be able
to say that p is as likely as the union of n ‘copies’ of q, where the ‘copies’ are
propositions that are equiprobable and epistemically exclusive. The (imprecise)-
Ramseyan comparativist offers an account of just when we can do this kind of
‘adding’ that generalises the approach of the probabilistic comparativist.

I’d be surprised if any significant further generalisations of the basic strategy
outlined in §3 were possible. A belief ranking that satisfies B2 and B3 has only a
very weak ‘additive’ structure, and it’s unclear how we could remove even these
restrictions while preserving enough structure with respect to the union of epis-
temically exclusive sets to justify treating it as a qualitative analogue of addition.
If this is right, then we have a tentative answer to the question posed at the be-
ginning of §4: the analogy with addition thoroughly breaks down when either B2
or B3 are not satisfied.

It remains to be seen whether it’s appropriate to say of an ordinary agent like
Ally that she thinks p is n times more likely than q if and only if p is as likely as
n epistemically exclusive ‘copies’ of q. The next section provides reasons to doubt
both directions of that biconditional.

5 Expressibility Challenges
Consider the following case:

Willy is almost omniscient : he is certain that the actual world is either
ω1 or ω2. While he has some confidence in each world, he’s just a little
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more confident that the actual world is ω1 than that it’s ω2. Willy’s
belief ranking %W satisfies A1-A5.

I assume that Willy’s case makes sense; it describes a possible state of affairs that
we can conceive and understand. The idea of being ‘almost omniscient’ already
exists in the literature, for example in the case of Lewis’ famous two gods (1979,
pp. 520-1). And we could easily imagine each god having more or less confidence
regarding which of the two (centred) worlds they inhabit, and having comparative
beliefs that satisfy A1-A5 overall. However, none of the four version of compara-
tivism that have been described so far has the resources to make sense of Willy’s
case—specifically, that he attaches just a little more confidence to ω1 than to ω2.

Begin with probabilistic comparativism. Since Willy’s comparative beliefs sat-
isfy A1-A5, for any (countable or uncountable) algebra of sets BW on Ω, a prob-
ability function C almost agrees with %W on BW just in case:

C(p) =


0, if ω1, ω2 6∈ p
x, if ω1 ∈ p, and ω2 6∈ p
y, if ω2 ∈ p, and ω1 6∈ p
1, if ω1, ω2 ∈ p,

where 1 ≥ x ≥ y ≥ 0 and x + y = 1, with full agreement occurring whenever
1 > x > y > 0. The probabilistic comparativist is committed to saying that every
agreeing probability function provides a model of Willy’s partial beliefs, and there
is one such function for every x ∈ (0.5, 1). Since these are models of the very
same doxastic state, any differences between them cannot represent anything real,
and the probabilistic comparativist is committed to saying that there’s no fact
of the matter about the correct values of x and y beyond that x ∈ (0.5, 1) and
y ∈ (0, 0.5). As such, there can be no fact of the matter about how much more
confidence Willy has in ω1 over ω2.

The imprecise-probabilistic comparativist, on the other hand, is committed
to saying that the set of all probability functions that almost agree with %W

models Willy’s partial beliefs. To slightly abuse notation, let C(ωi) pick out Willy’s
confidence that the actual world is ωi. The imprecise-probabilistic comparativist
can say that C(ω1) = [0.5, 1] and C(ω2) = [0, 0.5]. But note that these are the only
values C(ω1) and C(ω2) can take given the description of the case. And it’s hard
to see why [0.5, 1] should count as just ‘a little’ more than [0, 0.5].

The situation is similar for both versions of Ramseyan comparativism. It should
be clear that if exactly one of ω1 or ω2 belong to p, then p is not n/m-valued for
any n,m. Hence, B1 is not satisfied, and Ramseyean comparativism gives us no
purchase on Willy’s case at all. Meanwhile, imprecise-Ramseyan comparativism is
committed to saying that Willy’s beliefs are modelled by the set F of all real-valued
functions C on BW such that:

C(p) =


0, if ω1, ω2 6∈ p
x, if ω1 ∈ p, and ω2 6∈ p
y, if ω2 ∈ p, and ω1 6∈ p
1, if ω1, ω2 ∈ p,
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where 1 ≥ x ≥ y ≥ 0. As before, we are left without a way to make sense of
how much more confidence Willy has for ω1 over ω2. By virtue of being almost
omniscient, Willy has lost the capacity to believe things with varying degrees of
strength beyond ‘less than 0.5’, ‘0.5’, and ‘more than 0.5’. I doubt that it feels
that way for him.

Next, consider Lilly and Billy:

Lilly and Billy have comparative beliefs over a simple finite algebra,
with atoms a1, a2, a3, and a4. Neither think that all the atomic propo-
sitions are equally likely; specifically, they agree that a1 is more likely
than a3, a3 is just as likely as a4, a4 is more likely than a2, and a2
is more likely than ∅. Furthermore, they both think a1 ∪ a2 is just as
likely as a3 ∪ a4. Despite the similarities, Lilly is more confident that
a1 than Billy is.

Lilly and Billy’s situation should make intuitive sense. But now suppose their
belief rankings both satisfy A1-A5. From the details of the case, it follows that
they have identical comparative beliefs overall—and so, according to any version
of comparativism, they have identical partial beliefs and the case I’ve described
turns out to be impossible.

But I think we can go beyond simple intuitions of conceivability here, since
we can have (theoretically well-motivated) reasons for saying that Lilly attaches
more confidence to a1 than Billy does. Let %L model Lilly’s (and hence Billy’s)
comparative beliefs. A probability function C agrees with %L just in case:

1. C(a3) = C(a4) = 0.25
2. 0.5 > C(a1) > 0.25 > C(a2) > 0
3. C(a1) + C(a2) = 0.5

As with %W , %L induces uncountably many probability functions on BL, one
for every value C(a1) could take in (0.25, 0.5). And, crucially, each such function
predicts a different set of preferences when it’s (a) taken to model a possible belief
state, and (b) combined with a standard model of rational preferences.

Suppose that Lilly and Billy each face a pair of choices with outcomes as spec-
ified:

a1 a2 a3 a4
α x −2x 0 0
β 0 0 0 0

a1 a2 a3 a4
γ −x 2x 0 0
δ 0 0 0 0

Lilly prefers α to β and δ to γ, while Billy has the opposite preferences. Assuming
that C is a probability function satisfying the above conditions 1-3, we know that
the expected utility of α is greater than that of β if and only if C(a1) > 1/3; the
same goes for δ and γ. A natural explanation for the difference of preference, then:
Lilly believes a1 to a degree greater than 1/3, and Billy to a degree less than 1/3.

The comparativist is committed to saying that the difference in preferences
cannot be due to any differences of belief (there are none). We can assume that
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their utilities are the same in all relevant respects. So, to extent that their pref-
erences differ, either Lilly or Billy (or both) has irrational preferences, or there’s
no rationally obligatory choice to make in the cases where their preferences come
apart and the difference between them is down to some random (non-doxastic)
factor. Neither explanation is very helpful in explaining their choices considered
in isolation, and they certainly won’t account for preferences in numerous choice
situations that consistently point towards Lilly believing a1 to a degree greater
than 1/3, and Billy less than 1/3.

The two cases above rest on the fact that relative to any algebra of sets, every
probability function C agrees with exactly one relation %, while there are always
some relations that are in agreement with multiple probability functions. Hence,
there are always distinctions that can be made with probability functions that
cannot be made with binary relations that satisfy A1-A5. (The same, of course,
applies to Ramsey functions: roughly, there are always more Ramsey functions that
agree with a binary relation than there are binary relations that are in agreement
with some Ramsey function.) The comparativist has to say that the distinctions
present in the numerical functions are doxastically meaningless: if C and C? agree
with the same belief ranking, then they either represent the same state of belief,
or no state at all. But those distinctions can be useful, as Lilly and Billy show,
and doing without them is a cost.

The relative coarse-grainedness of belief rankings is especially problematic if
two probability functions C and C? can be ordinally equivalent yet represent dis-
tinct distributions of chances. Given the Principal Principle (Lewis 1980), we
could be faced with an impossible task: to have beliefs that match the chances,
even where the chances cut more finely than the beliefs possibly can. But it is un-
clear whether the relevant kind of case can exist—to the best of my awareness, the
prospects for a “comparativism about chances” have nowhere been discussed in
the philosophical literature, and the plausibility of such a view will depend heavily
on our theory of what chances are. We do know this, though: if comparativism
about chances is false, then the comparativist about belief owes us a new account
of how chances and beliefs are supposed to interact.7

One final case. This time, we assume that only one probability function (and
hence only one Ramsey function) agrees with the relevant belief ranking:

Milly is the perfect Bayesian, both epistemically and pragmatically.
Her comparative beliefs satisfy A1-A5 and Suppes Continuity. Fur-
thermore, her preferences are as expected of a Bayesian; e.g., she’s
indifferent between being given $100 outright, and the gamble with
winnings of $100 if Ω is true, and a fine of −$1000 if ∅.
Tilly is not the perfect Bayesian. Although her comparative beliefs
are identical to Milly’s, Tilly insists that it’s never rational to be fully
certain of the truth or falsity anything: one should always reserve some
slight doubt (1%) that even the most firm of logical truths might be
false, and that the most absurd of logical falsehoods might be true.

7 Thanks to Daniel Elstein and Alan Hájek for (independently) raising these issues with me.
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Her preferences consistently reflect this; e.g., for any x > 89, she would
prefer $x to the gamble ($100 if Ω, −$1000 otherwise).

All parties to the present debate can agree that some probability function CM
models Milly’s beliefs, and that no other probability function does so. And all
parties can agree that Tilly is not the perfect Bayesian agent: her preferences
suffice to establish this much. But the comparativists and non-comparativists will
diverge when it comes to explaining Tilly’s preferences.

Here’s one perfectly natural explanation: Tilly’s partial beliefs are faithfully
modelled by the non-probabilistic function CT , where

CT (P ) = 0.98 · CM(P ) + 0.01

(Think of CM squished down by 1% on either side.) And, further, CT represents
a distinct doxastic state than CM , as evidenced by the different predictions we
can make by plugging CT into a very standard account of how preferences are
formed.8 In a choice between $100 and a gamble ($100 if Ω, −$1000 otherwise),
we would expect Tilly to strictly prefer the $100: her expected utility for the
gamble is exactly $89. Whatever we might want to say about the rationality of
Tilly’s beliefs, she at least forms her preferences in a rational way given her beliefs.

The comparativist cannot help themselves to this explanation. Tilly’s com-
parative beliefs are identical to Milly’s, so she cannot be faulted on any count
of epistemic irrationality. To the extent that CT models Tilly’s partial beliefs at
all, it’s only because it models the very same state as CM . So to explain Tilly’s
case, the comparativist must posit that something went wrong somewhere in the
process of forming her preferences. Perhaps Tilly is risk averse? That would ex-
plain why she prefers $100 to the gamble ($100 if Ω, −$1000 otherwise), but it
wouldn’t explain why she prefers the gamble ($100 if Ω, $100, 000 otherwise) to
$1000 outright.

5.1 Non-Additivity
If Tilly’s case is too strange—perhaps because it’s hard to imagine an agent who
isn’t fully certain of anything—then are always other cases to draw upon. For
example, in modern (descriptive) decision theory, partial beliefs are often modelled
using non-additive capacities, where for epistemically exclusive propositions p, q,
C(p ∪ q) need not and frequently does not equal C(p) + C(q).9 The introduction of
these non-additive models was motivated by a range of cases, like those discussed
in (Ellsberg 1961), Tversky and Kahneman (1982), and (Carlson and Yates 1989),
that indicate the existence of perfectly normal patterns of comparative beliefs that

8 It’s worth noting: the point here does not rely on the error that (Joyce 2015, pp. 418-9)
discusses, of re-scaling the representation of Tilly’s partial beliefs without making appropriate
adjustments to how expected utilities are calculated—thus making it look like CT generates
different predictions about Tilly’s preferences when inserted into a standard theory about how
expected utilities are calculated. We get to say that CT is a simple re-scaling of CM only under
the substantive assumption that whatever Tilly believes most (least) of all, she believes to the
most (least) extent possible. In Tilly’s case, I want to deny exactly this.

9 A capacity is any monotonic function C on an algebra B such that C(Ω) = 1 and C(∅) = 0.
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are difficult to square with the claim that the union of epistemically disjoint sets is
qualitatively additive with respect to %. Nowadays, non-additive representations
of belief constitute the norm rather than the exception.

And it is easy to come up with many examples of capacities that (a) don’t
agree with any % that satisfies B2, and more importantly (b) are not Ramsey
functions even when they do agree with a % that satisfies B2. An easy example of
the latter kind of case: suppose B is an atomic algebra with atoms a1, a2, a3, and
define the super-additive capacity C such that:

C(x) =


0, if x = ∅
0.3, if x is atomic

0.7, if x has 2 members

1, if x = Ω

Now C agrees with

Ω � a1 ∪ a2 ∼ a1 ∪ a3 ∼ a2 ∪ a3 � a1 ∼ a2 ∼ a3 � ∅,

which satisfies A1-A5 and Suppes Continuity. So, there’s a unique Ramsey func-
tion with respect to %, denote it C?, according to which

C?(x) =


0, if x = ∅
1/3, if x is atomic
2/3, if x has 2 members

1, if x = Ω

According to every one of the four varieties of comparativism I’ve outlined so
far, C? is an accurate model of the beliefs of any agent with the belief ranking
%, and (e.g.) a1 is believed exactly half as much as a1 ∪ a2. So, either C is not
an appropriate model of any possible doxastic state, or it’s a mere notational
variant of C?. And it’s easy to see that the same point applies to any version of
comparativism—despite the fact that contemporary theories of decision-making
would treat C and C? as modelling distinct sets of beliefs with importantly different
implications for the subject’s preferences.

Or, consider a capacity that’s incompatible with B2. Let B be the atomic
algebra with atoms a1, a2, a3 and a4, and define the capacity C as follows:

C(x) =



0, if x = ∅
0.2 if x is a1 or a2

0.3, if x is a3 or a4

0.5, if x has 2 members

0.75 if x has 3 members

1, if x = Ω

C agrees with a % that does not satisfy B2: {a1 ∪ a2, a3 ∪ a4} is an equipartition
of Ω, and {a1, a2}, {a3, a4} are equipartitions of a1 ∪ a2 and a3 ∪ a4 respectively,
so B2 holds only if a1 ∼ a3, which is false.
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Obviously, the above capacities are unrealistic as a model of anyone’s belief
state, but the point here is not realism. (A realistic case would not fit on the page.)
Rather, the point is to highlight the fact that if we’re happy to have non-additive
functions represent partial belief states, then we’re going to have to deal with
models that cannot be squared with B2 and the GRP. There are (many) non-
additive capacities that are ordinally equivalent to probabilities and yet look like
they represent distinct sets of beliefs; and there are (many) non-additive capacities
that do not support the analogy between addition and the union of epistemically
exclusive sets, which also look like they represent genuine states of belief. To
reiterate a point made at the beginning of §4, surely having non-additive partial
beliefs does not discount one from having quantifiable beliefs. The subjects who
commit conjunction and disjunction fallacies can still believe a proposition p much
more, or twice as much as, another proposition q!

Indeed, we can make the point stronger: if the union of epistemically exclusive
sets is really what gives meaning to quantitative comparisons of confidence à la
the GRP, then the substantial body of work that makes use of non-additive real-
valued functions to model beliefs must be built on a kind of analytic mistake—
either C(p ∪ q) should be equal to C(p) + C(q) whenever p and q are epistemically
exclusive because that’s just what it means to ‘add’ confidences together, or the
agent in question just doesn’t have quantifiable beliefs to begin with. Neither
looks like a good thing to say: one way or another, we’d need to reject as either
meaningless or misleading what many contemporary theorists take to be perfectly
good models of quantified belief. We shouldn’t have to throw out a large body of
perfectly good science just so that we can hold onto a purported analogy between
addition and the union of epistemically exclusive propositions. The analogy itself
is empirically suspect.

And it’s hard to see why every distinct capacity (and hence every probability
function) shouldn’ t be taken to model a unique belief state. Indeed, why not every
function from B to [0, 1]? For any Ramsey function C that agrees with %, no matter
how uniquely, there are going to be uncountably many C∗ : B 7→ [0, 1] that agree
with that very same ranking. Perhaps you might not want to say that all of these
are reasonable models of distinct doxastic states, but at least some of them are—
especially when the distinctions they make have explanatory value. The fact that
the apparent difference between some numerical representations of belief cannot
be explained within a comparativist framework is not a reason to think that there
is no difference between them until it’s been shown that comparativism is the
best view on the market. Absent independent reasons to think that no interesting
distinctions can be made between ordinally equivalent numerical functions, the
expressive limitations of comparativism are a substantial cost for the view.

5.2 Supplementing Comparativism
A final point on the above discussion before I move on to the issue of interpersonal
comparisons. I’ve shown that there are prima facie sensible distinctions that can-
not be made according to comparativism of any (non-quarternary) variety, where
‘comparativism’ is being understood (as it was introduced in §1) to imply that
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the facts about what partial beliefs an agent has supervene on the facts about her
comparative beliefs. With that said, it might be the case that if we were to sup-
plement the supervenience base with additional kinds of facts, then the relevant
distinctions could be drawn.

For instance, after finding that multiple probability functions agree with Ally’s
belief ranking, we might also find that only one of those constitutes a maximally
charitable model given her preferences and/or life history of evidence, and on that
basis assign it as the uniquely correct model of Ally’s beliefs. A representation
theorem like that in (Joyce 1999) might help in providing the mathematical foun-
dations for such a view. Or we could supplement comparative belief with other
kinds of qualitative judgements, like whether p and q are probabilistically inde-
pendent, or when p is evidence for q (cf. Joyce 2010, p. 288). Or again, perhaps %
on B has an empirically meaningful proper extension %′ over an enriched algebra
B′, such that %′ fixes a unique probability on B (cf. Suppes and Zanotti 1976).10

Obviously, once we allow more facts into the supervenience base, then all bets
are off—there are far too many possibilities for a comparativism-plus-something-
else to consider them all. I have no general argument against such positions, and
they are not the target of this paper. However, I will note this: it is not enough
to just fix a unique assignment of numerical values (precise or imprecise) to the
agents described in the above cases. Uniqueness and fine-grainedness are not the
whole problem. We also need an explanation of how we can make quantitative
(and interpersonal) comparisons. The explanations in terms of ‘adding’ equiprob-
able and epistemically exclusive propositions will not help us make sense of the
quantitative comparisons in Willy’s case—there are no such sets to ‘add’. Nor
could the GRP be used to give an account of how much less confident Tilly is
than Milly about the truth of Ω.

Likewise, even if we could use further facts to explain why Lilly believes a1 to
some degree greater than 1/3 and Billy to a degree less than 1/3, we’d still need to
explain how it is that Lilly believes a1 at least twice as much as she believes a2,
while Billy believes a1 to less than twice the degree he believes a2. That explanation
cannot come from any difference in their comparative beliefs, because there are
no differences in their comparative beliefs. And I assume that some explanation
of these quantitative comparisons would be needed if we say that Lilly believes
a1 more than 1/3 and a2 less than 1/6, else we’d have to break the very natural
inference from (a) to (b) (and other similar inference patterns):

(a) Lilly believes p to degree x and believes q to a degree greater than 2x
(b) Lilly believes q at least twice as much as she believes p

That is not an inference that we should give up lightly, especially if the intention is
to capture how partial beliefs are understood and used by contemporary theorists.

10 Fine (1973, p. 71) also discusses this possibility as a response to problems arising from non-
uniqueness. Obviously, %′ will need to be given some interpretation not (or not only) in terms of
comparative beliefs, since (by hypothesis) % is supposed to represent everything there is to the
subject’s comparative beliefs. In (Suppes and Zanotti 1976), for instance, the extended relation
%′ is interpreted in terms of qualitative comparisons of expectations.
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An assignment of numbers without an empirically plausible explanation as to
how those numbers ‘add up’ isn’t a solution to the expressibility problem. To deal
with the cases in this section, a different account of how we make quantitative
comparisons is needed—or, a convincing argument for why we cannot make the
relevant quantitative comparisons even when they seem perfectly natural and ex-
planatorily useful. Adding further facts to let us make distinctions where belief
rankings can’t just shifts the bump under the rug.

6 Interpersonal Comparability
In his recent defence of (a version of) probabilistic comparativism, Stefánsson
(2017) argues for the possibility of interpersonal comparisons of belief as follows:

It is generally assumed that . . . subjective probabilities (which repre-
sent strengths of belief) are interpersonally comparable . . . The crucial
difference between desires and beliefs in this regard is the widely held
assumption that any two rational people believe equally strongly what-
ever they fully believe (such as a tautology), and, similarly, believe
equally strongly whatever they believe least of all . . . (pp. 81-2)

The argument proceeds: Suppose Ann’s and Bob’s comparative beliefs satisfy A1-
A5 and Suppes Continuity, so there are unique probability functions CA and CB
that agree with %A and %B respectively. Moreover (from Suppes Continuity), for
every proposition p that’s believed strictly more than ∅, p is the union of some
finite collection of equally likely atomic propositions. Thus, according to GRP
(and Definition 7), for any p ∈ BA and q ∈ BB, there is a fact of the matter as to
how much less p and q are believed than Ω. So,

. . . we might compare the degree to which Ann believes [p] with the
degree to which Bob believes [q], by comparing the distance between
[p] and the tautology according to Ann with the distance between [q]
and the tautology according to Bob.

Moreover,

The result of the above comparison is the same across different nu-
merical models of Ann’s and Bob’s comparative beliefs [i.e., positive
affine transformations of CA and CB]. That is, if Ann believes [p] more
strongly than Bob believes [q] according to one of these models, then
the same holds according to all of these models. And (to repeat) it is
a good general principle to accept as real any feature that is shared by
all models of a real phenomenon. (2017, p. 82)

That is, if the probability functions CA and CB can be counted as “the same model”
and each one adequately represents intervals of strength of belief, then any positive
affine transformation applied to both CA and CB will preserve all of the relevant
interval information. Presumably, we get to count CA and CB as “the same model”
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because they are both additive functions assumed to represent all of the relevant
quantitative information in the same way, and they share the same end-points.

A lot here depends on the initial assumption that the minimal and maximal
points of %A and %B are comparable for rational agents. It’s not clear to me how
widely held this assumption really is—it’s true on a standard Bayesian account
of rationality, but not everyone is a standard Bayesian. And it’s less clear how
we could generalise the explanation to non-ideal agents who (like Tilly) can pre-
sumably fail to fully believe anything despite believing some things more than
anything else, or other agents who simply fail to have any maximal points in their
belief ranking. But set those points aside, and assume that for every agent A,

1. %A satisfies A1-A5 and Suppes Continuity
2. Ω is believed to the fullest extent that A can believe anything
3. ∅ is believed to the least extent that A can believe anything

The real concern here is that we’ve been offered no explanation of the possibility
of interpersonal comparability at all, even under the above assumptions.

Consider an analogy. Imagine a universe U that is finite in extent, and con-
sists fundamentally of various tiny spherical atoms each with some non-zero, non-
infinitesimal diameter and some non-zero, non-infinitesimal mass, with no occupi-
able spaces between them. The non-atomic objects of this universe can be thought
of as arbitrary contiguous collections of atoms. Let O be set of all objects in U.
Included in O will be two special objects: ∅, the ‘empty’ arrangement of atoms;
and U itself.

Assume that length is always measured along some privileged axis such that
every object has a unique length, and let %l and %m

denote the is at least as long
as and is at least as massive as relations respectively. It’s clear that %l and %m

will be correlated in many respects, and share a number of important properties;
e.g., both are transitive and complete, with end points ∅ and U. Moreover, given
the ‘additive’ properties of %l with respect concatenations and precisely analogous
properties for %m

, it’s possible to construct a pair of functions fl and fm from O

to [0, 1] such that, for all o1, o2 ∈ O,

(il ) o1 %
l o2 iff fl(o1) ≥ fl(o2)

(iil ) fl(∅) = 0

(iiil ) fl(U) = 1

(ivl ) If o1, o2 share no parts, then
fl(o1 ⊕ o2) = fl(o1) + fl(o2)

(i
m

) o1 %
m
o2 iff fm(o1) ≥ fm(o2)

(ii
m

) fm(∅) = 0

(iii
m

) fm(U) = 1

(iv
m

) If o1, o2 share no parts, then
fm(o1 ⊕ o2) = fm(o1) + fm(o2)

Indeed, fl will be unique, in the sense that no other real-valued function will sat-
isfy (il ) through (ivl ); and likewise for fm, mutatis mutandis. And if we’re willing
to give up on (iiil ) and (iii

m
), then fl and fm are still unique up to a positive

similarity transformation.

Now it should go without saying that none of this implies that lengths and
masses are comparable, in the sense that (say) if fl(o1) ≥ fm(o1), then o1 has as
at least as much length as it has mass. But suppose we were to stipulate that

27



U has exactly as much length as it has mass. It’s easy now to derive additional
length-mass comparisons for arbitrary objects; e.g., if fl(o1) = 0.5, then o1 will
have less length than U has mass. Why? Because o1 has less length than U, and U

has just as much length as it has mass, so o1 has less length than U has mass. And
furthermore, so long as we stick to using “the same model,” these length-mass
comparisons will remain unchanged. That is, if

1. fl(∅) = fm(∅),
2. fl(U) = fm(U), and
3. fl(o1) ≥ fm(o2),

then those relations will be preserved under any positive similarity transformation
applied to both fl and fm.

So we’ve learnt that if you assume length and mass have comparable minima
and maxima, then you’ll be able to construct a privileged set of pairs of functions
according to which lengths and masses can be compared more generally. But this
is entirely uninteresting, because the starting assumption is false. Length-mass
comparisons are meaningless, and the fact that circumstances might conspire such
that we can measure the two loosely correlated quantities with functions that look
similar from a certain formal standpoint does nothing to change that fact.

If length-mass comparisons were meaningful, there would be some interesting
scale-independent physical relation that holds between o1 and o2 whenever o1 has
at least as much length as o2 has mass. But since nothing interesting in physics
changes when we, say, hold the length scale fixed while varying the mass scale
arbitrarily, there’s no substantive basis for making such comparisons. The situation
is similar if we want to say that there can be meaningful interpersonal comparisons
of belief—to justify this claim, one needs to locate an interesting scale-independent
relation that holds between agents A and B when A believes p at least as much
as B believes q. I doubt that we’ll find anything like this merely by looking at %A

and %B.

If there is a connection between agents that explains interpersonal comparisons
of belief—and I think there is—then it will likely be found in the broader role that
beliefs play in the psychologies of the agents that have them. And here again we
can find a special role for preferences.

7 Expectationism
We need a qualitative account of what the strength of a belief is a measure of—or,
“where the numbers come from.” The comparativist supposes that agents have
a set of comparative beliefs rich enough to induce a structure % on a space of
propositions B that can be modelled by some agreeing numerical function on B

with intuitively ‘additive’ properties. Consequently, the strength assigned to any
one proposition depends on how it relates to every other proposition in the belief
ranking. The result is an essentially holistic approach to explaining strength of
belief, where it’s not in general possible to vary the strength with which any one
proposition is believed without impacting upon how strongly other propositions are
believed. Combine this with the fact that the numerical strengths of the minimal
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and maximal points (if there are any) have to be put in by hand, and it was
unavoidable that comparativism would face deep expressive limits: partial beliefs
have to conform to a fairly rigid holistic structure if they’re to exist at all.

One could imagine that the facts about strength of belief are grounded in
qualitative structures with a little more flexibility. A metaphor may be helpful to
begin with. Imagine that inside Ally’s head, perhaps in a compartment labelled
‘partial beliefs’, is a collection of barrels. Every barrel is the same size, but each
has a different label. One barrel says ‘There is an external world’, another says
‘The Earth is an oblate spheroid’, and so on. Inside each barrel is a certain amount
of confidence fluid. How much fluid is in one barrel relative to another is loosely
correlated with the logical relationships between their labels, but it’s possible in
principle to vary the amount in any one barrel without making changes anywhere
else. After a bit of investigation, we find that the amount of confidence fluid
within a barrel correlates with dispositions and behaviours that we’d tend to
associate with belief of varying strength; e.g., whenever a barrel labelled ‘p’ is
completely full of confidence fluid, Ally acts in the kind of way we’d typically
associate with certainty that p; when it’s only 50% full, she acts unsure; and et
cetera. We conclude that Ally believes p to degree x/100 just in case her ‘p’ barrel is
x% full. The strength of belief is now a (ratio scale) measure of relative volume, and
attaches to each proposition individually. The function C : B 7→ [0, 1] is not itself
a measure of anything; it merely summarises the measurements of every p that’s
believed to some degree. Still, it captures interesting relationships between beliefs.
For instance, if C(q) = 2 · C(p), then we know there’s twice as much confidence
fluid in Ally’s ‘p’ barrel as in her ‘q’ barrel.

Ally’s beliefs aren’t barrels in her head, but I think there is a lot of truth to the
metaphor. It replaces the singular qualitative basis of comparativism, the belief
ranking %, with separate but qualitatively identical bases for every proposition
Ally entertains. Strengths of beliefs are in principle able to vary independently
of one another because they represent a quantity that belongs to partial beliefs
on an individual basis, with the facts about comparative beliefs falling out of the
facts about the relative strengths with which each proposition is believed. But to
cash the metaphor out in the form of a reasonable account of what strength of
belief is, we will need (a) an account of what it is for a barrel to be x% filled with
confidence fluid, and (b) an explanation for why one barrel’s being x% full should
considered comparable to any other barrel’s being x% full—both intrapersonally
and interpersonally. That is the purpose of the rest of this section.

(I did not say: we need an account of what the barrels are. They are the
partial beliefs, and that’s all that needs to be said here. The aim in what follows
is not to offer a reductive account of what partial beliefs are in terms of, e.g.,
preferences, betting behaviour, functional relationships, interpretive practices, or
grey matter.11 The aim is to offer an explanation of why we measure partial beliefs,
where that explanation treats partial beliefs as a theoretical primitive.)

11 Any resemblance between the barrels metaphor and the thought that propositional attitudes
are sentence in a Language of Thought is purely coincidental.
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7.1 Making Sense of the Metaphor
I will not try to flesh out my suggested alternative to comparativism in full detail
here—only enough to make the main outlines clear. Much of the relevant work is
done elsewhere (see Elliott 2017a,b). As mentioned in §1, the essential idea is that
the strength of a belief that p is a measure of that belief’s role in fixing the utility
of choices with outcomes conditional on p; or, as Ramsey put it “the degree of
a belief is a causal property of it, which we can express vaguely as the extent to
which we are prepared to act on it” (1931, p. 169). The belief is not, or need not
be, defined in terms of preferences or dispositions to act—what matters is just that
they have a consistent causal connection to preferences. In what follows partial
beliefs should be understood as metaphysically independent of and causally prior
to (at least some) preferences.

Let %u represent Ally’s preferences, and assume that %u is defined over B and
a rich class of gambles. Furthermore, let U denote a utility function that agrees
with %u, and assume that intervals of differences of utilities are meaningful in U ;
i.e., if

(U(p1)− U(p2)) ≥ (U(p3)− U(p4)),

then the difference in utility between p1 and p2 is greater than the difference
between p3 and p4. Thus, if U is an adequate representation of Ally’s utilities,
then so too is any positive affine transformation of U .

We now have enough to give an indication of the sense in which the strength
of a belief is a measure of its role in fixing utilities. Suppose that for any pair of
propositions q1, q2 such that

1. q1 �u q2,
2. Ally thinks q1 implies p, and q2 implies ¬p, and
3. Ally has some utility for the gamble (q1 if p, q2 otherwise),

Ally’s utility for (q1 if p, q2 otherwise) in normal conditions satisfies:

4. U(q1 if p, q2 otherwise) = U(q1) · x+ U(q2) · (1− x)

In this case, it looks plausible to say that Ally believes p to degree x. Since Ally
thinks q1 implies p, she thinks q1 ∧ p just is q1; similarly for q2 and ¬p. Thus,
from Ally’s perspective, the gamble (q1 if p, q2 otherwise) has a certain chance of
resulting in q1 when p is true, and a chance of resulting in q2 otherwise. Assuming
Ally calculates expected utilities in the usual way, at least under normal conditions,
x plausibly represents her degree of belief that p.

To put the idea another way: under conditions 1-3, Ally believes p to degree
x/100 if, in normal conditions, the utility that Ally attaches to (q1 if p, q2 otherwise)
is x% of the way between the utilities of q2 and q1.

12 So, for example, if she’s
100% confident that p, then she’ll be indifferent between (q1 if p, q2 otherwise)

12 In the extreme case where Ally is indifferent between all things, we can consider what her
utilities would be, were she to prefer some q1 to q2. (cf. Eriksson and Hájek 2007’s ‘Zen monk’
case.) The strength of a belief is indicative of its normal causal role, but that causal role does
not have to be manifest in all cases.
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and q1; whereas if she’s 50% confident that p, and U(q2) = 0, U(q1) = 1, then
U(q1 if p, q2 otherwise) = 0.5. We can turn this into a characterisation of C: given
conditions 1-3,

C(p) =
U(q1 if p, q2 otherwise)− U(q2)

U(q1)− U(q2)

Note, of course, that ratios of differences of utilities will remain unchanged under
any positive affine transformation of U . In (Elliott 2017b), I show how an interval-
scale utility function can be constructed out of %u. Crucially, the construction
involves very few constraints with respect to preferences over gambles. Glossing
over some details, the main constraints are that %u is a complete preorder, and:

(i) If q1 %u q2, then q1 %u (q1 if p, q2 otherwise) %u q2
(ii) For any pair of propositions q1, q2 such that q1 6∼u q2, there is a proposition

p such that (q1 if p, q2 otherwise) ∼u (q2 if p, q1 otherwise)

Constraint (i) is obviously required for the ratios above to be between 0 and 1, and
so constitutes a minimal (pragmatic) rationality requirement for the construction
to get off the ground. The two gambles mentioned in (ii) are used to make sense
of what it is for something to be valued ‘halfway’ between q1 and q2, which gives
qualitative meaning to utility intervals. There are no particular conditions on what
the relevant proposition p has to be, and other gambles (q1 if r, q2 otherwise) can
be distributed between q1 and q2 however we like.

It’s exactly this latter feature of the construction which accounts for the flex-
ibility in the function C that it allows us to define. Essentially, for any pair of
propositions p and q, the utilities of gambles conditional on p and q can vary inde-
pendently of one another, thus letting strengths with which p and q are believed
vary independently of one another.13 The resulting partial belief function, C, does
not have to be a probability function nor even a capacity—though it can be. The
kinds of conditions under which C will be probabilistic can be found in (Bradley
2001, §2.3.2), and conditions under which it will be a capacity in (Elliott 2017a,
p. 38).

There are two important points to note about the foregoing. First, while U itself
is merely an interval scale, the strength of belief will be measured on a genuine
ratio scale: if C(p1) = 2 · C(p2), then (assuming the conditions 1-3 mentioned
earlier hold) the difference between U(q1 if p1, q2 otherwise) and U(q2) will be
twice that between U(q1 if p2, q2 otherwise) and U(q2). And second, we don’t
have to assume that utilities are comparable across individuals in order to explain
interpersonal comparability of belief. To explain intrapersonal and interpersonal
belief comparisons, we just need to assume that agents’ utilities are measurable on
an interval scale, and that strengths of belief impact upon the utilities of gambles
in a similar sort of way within and across individuals. From that, we get that if
A and B both believe p to degree x, then their preferences will display similar
kinds of patterns with respect to gambles conditional on p. Conversely, in cases
like Lilly and Billy’s, we know that Lilly believes a1 more than Billy does precisely

13 In (Elliott 2017b), it’s assumed that the utilities of gambles conditional on p and ¬p are
correlated. This assumption is dropped in (Elliott 2017a), Theorem 3.
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because their preferences come apart with respect to matters involving a1. For
similar reasons, expectationism deals naturally with Lilly and Tilly’s case.

On this picture, the strength of belief is understood in terms of its relation
to another quantity, the strength of desire. The general pattern by which we’ve
characterised the strength of a belief is not unlike the characterisation of other
quantities found throughout the sciences. In particular, it fits a pattern common to
the characterisation of dimensionless quantities—such as refractive index, relative
permeability, and Mach number—which are often characterised in terms of ratios
of other quantities. Consider Mach numbers. Contrary to common opinion, a Mach
number is not a unit of speed: it is a ratio that represents the speed of an object
travelling through a medium relative to the speed of sound in that medium. Or,
if we let S be any measure of speed on at least an interval scale, and denote
with ostationary an arbitrary stationary object and osound an object travelling at
the speed of sound in the medium, then the Mach number of an object o1 can be
defined as:

Mach(o1) =
S(o1)− S(ostationary)

S(osound)− S(ostationary)

Interestingly, the language with which we attribute partial beliefs also fits
the pattern of dimensionless quantity attributions. For dimensional quantities like
length, mass, and temperature, attributions require specification of a unit. For
instance, we say ‘o1 has a length of 10 meters ’, rather than ‘o1 has a length of 10’.
Dimensionless quantities have no special units—ratios are absolute—so we say ‘o1
has a refractive index of 1.33’, or ‘o1 has a relative permeability of 0.75’. Likewise,
we say ‘Ally believes p to degree x’ and ‘Ally credence that p is x’. We do not say
‘Ally believes p with x credals ’, as one might expect if the strength of belief were
a dimensional quantity like length.

8 Conclusion
I will not attempt any thorough defence of the view I’ve outlined in the previ-
ous section, but I will note some points in closing. To begin with, it is not a
commitment of expectationism that beliefs can only be modelled by functions
C : B 7→ [0, 1]. There are two kinds of situations in which the latter may turn out
false, which are worth discussing briefly.

First of all, there are cases of imprecision. The account given in §7 generates
precise, real-valued strengths of belief, but that is primarily a consequence of the
assumption that utilities can be modelled with a precise, real-valued function.
Where this assumption is dropped, it’s possible to generalise the definition of C so
as to generate imprecise strengths of belief.

Secondly, there may be circumstances where there aren’t enough real numbers
to represent very fine-grained differences in belief. In certain kinds of infinitary
cases, real numbers are limited (see esp. Easwaran 2014). Suppose Ally is proba-
bilistically coherent, and is considering the proposition p that an infinitely sharp
dart will land on a particular point along a continuous line. Ally has no reason
to think that the dart will land on any one point rather than another. So, for
any positive real r, Ally cannot believe p to degree r, else she’ll be committed to
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saying that the chance it lands on any other point is also r—and since its landing
on any one point is exclusive of its landing anywhere else, she’ll end up believing
that it lands somewhere to degree ∞. So she seems committed to believing p to
degree 0, though she obviously considers p more likely than ∅.

From an expectationist perspective, cases such as these indicate that some-
times there aren’t enough real numbers to represent very fine-grained differences
between utilities. We know that Ally believes p more than she believes the con-
tradiction ∅ because, all else equal, she’d prefer a gamble conditional on p over a
gamble conditional on ∅. Preferences can outstrip our capacity to represent them
numerically, and expectationism can account for the fact that, sometimes, real-
valued representations of belief might not be precise enough.

Finally, adopting expectationism of course comes with its own limitations. Let
me highlight two. First, since comparative beliefs are supposed to be derived from
facts about the relative strengths of belief, where those strengths form (at least) a
partial order, it follows that expectationism is incompatible with the existence of
intransitive and/or irreflexive comparative beliefs. This is not by itself concerning:
reflexivity of comparative belief is uncontroversial, and contemporary models of
belief and decision making typically imply the transitivity of comparative belief.
But there may be some useful explanatory role that can only be filled by intransi-
tive comparative beliefs; if so, then that would indicate an important theoretical
cost to expectationism. Second, instead of building partial beliefs out of ratio-
nal comparative beliefs, expectationism builds them out of rational preferences.
Again, this need not be especially problematic. In (Elliott 2017b), I argue that
the required constraints on preferences are quite weak indeed, and it’s no doubt
possible to generalise the approach further.

Until we find actual barrels in the head filled with measurable amounts of confi-
dence fluid, though, I doubt that we’ll be able to get any account of what strengths
of belief represent without making some substantive rationality assumptions. It
may turn out that the rationality assumptions associated with expectationism
are harder to swallow than those associated with comparativism. But the fact
that expectationism supplies a fully qualitative account of how partial beliefs can
be measured on a ratio scale, without the deep expressive limitations of compara-
tivism, and in a manner that naturally accommodates and explains the possibility
of interpersonal comparisons, is a big point in its favour.14

9 Appendix
Proof of Theorem 3:

Existence, left-to-right : Assume B2. If p is n/m-valued and n′/m′-valued, then n/m =
n′/m′; so there’s a way of assigning a unique real to every p ∈ B? which generates

14 Many thanks are due to John Cusbert, Nick DiBella, Daniel Elstein, Alan Hájek, Jessica
Isserow, Léa Salje, and Jack Woods for helpful discussions and comments on drafts. Thanks
are also due to audiences at the Australian National University, a University of Leeds NatRep
workshop, the 4th PLM conference (Bochum, 09/17), and the 3rd ICM conference (Braga, 10/
17). This project has received funding from the European Unions Horizon 2020 research and
innovation programme under the Marie Skodowska-Curie grant agreement No 703959.
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a Ramsey function C relative to the restriction of % to B?. It’s then obvious that
C can be extended from B? to B consistent with that function being a Ramsey
function relative to the whole of % on B (e.g., let C(p) = 0 for all p /∈ B?). This
establishes clause (i). Now suppose that for p, q ∈ B?, p % q. Since for some
n,m, n′, r′, p is n/m-valued and q is n′/m′-valued, B2 implies n/m ≥ n′/m′. By clause
(i), C(p) ≥ C(q). Next suppose that C(p) ≥ C(q). Since C is a Ramsey function,
p is n/m-valued and q is n′/m′-valued, for n/m ≥ n′/m′. So from B2, p % q. This
establishes clause (ii).

Existence, right-to-left : Suppose C : B 7→ R satisfies (i) and (ii). Next suppose
that p is n/m-valued and q is n′/m′-valued. So, C(p) = n/m and C(q) = n′/m′. Since C
agrees with % over B?, so n/m ≥ n′/m′ iff p % q.

Uniqueness : The restriction of C to B? is the unique Ramsey function relative
to the restriction of % to B?; so, if B1 holds, C is unique simpliciter.

Proof of Theorem 4:

Existence, left-to-right : Assume % satisfies B2 and B3, and B is countable. If B1,
then the existence of the set F follows from the uniqueness condition of Theorem
3. So we focus on the case where B? ⊂ B.

From B3, we know already that there’s at least one non-empty set G of functions
C : B 7→ R that agrees with %. The proof can be found in (Dubra et al. 2004, p.
556). What we need is that there exists a non-empty subset G∗ of G such that:

1. G∗ agrees with %
2. For each C ∈ G∗, there is a strictly increasing transformation C ′ of C such

that:

(a) C ′ is bounded above by 1 and below by 0
(b) C ′ is a Ramsey function with respect to %

The set F of all such transformations will itself agree with %, completing the proof.

There are three cases to consider:

1. B? is empty
2. B? contains only minimal and/or maximal elements of B
3. B? contains non-minimal, non-maximal elements of B

The first two cases are straightforward and have been omitted. For the third case,
note that if G agrees with % and p � q, then:

(i) C(p) ≥ C(q), for all C ∈ G

(ii) C(p) > C(q), for at least one C ∈ G

Hence, for all C ∈ G, if p � q then either C(p) > C(q) or C(p) = C(q). For p, q ∈ B?,
B2 imply that for any Ramsey function, if p � q, then C(p) > C(q); so, it’s not in
general true that if G agrees with %, then for every C ∈ G there will be a strictly
increasing transformation C ′ that’s also a Ramsey function with respect to %. But
define G∗ ⊆ G as follows:

G∗ = {C ∈ G : if p, q ∈ B? and p � q, then C(p) > C(q)}
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G∗ agrees with %, and by (ii), we know that it’s non-empty. Clearly, if G◦ contains
the restrictions of every C ∈ G∗ to B?, then the unique Ramsey function C? : B? 7→
[0, 1] is a strictly increasing transformation of every C ∈ G◦. So we just have to
show that for each C ∈ G∗, there is an extension of C? from B? to B that is a
strictly increasing transformation of C.

Let C be any function in G∗. For any set of non-minimal, non-maximal propo-
sitions P = {p1, p2, . . . } ⊆ B, there’s a unique pair q, r ∈ B? such that:

(i) q � pi � r, for all pi ∈ P

(ii) There’s no s ∈ B? such that q � s � pi or pi � s � q, for all pi ∈ P

So for any pi ∈ P, C(q) > C(r) and C(q) ≥ C(pi) ≥ C(r). Now from the fact
that C?(q) and C?(r) are unequal and rational, for any way the C(pi) might be
ordered between C(q) and C(r), there are enough values between C?(q) and C?(r)
to recreate that order.

Existence, right-to-left : Suppose there’s a non-empty set F of functions into
[0, 1] that agrees with %, where every C ∈ F is a Ramsey function relative to %.
That % satisfies B3 is straightforward and omitted. Where B? is empty, B2 is
trivially satisfied. So, suppose B? is non-empty. For every C ∈ F, C is a Ramsey
function with respect to %, so if p is n/m-valued and q is n′/m′-valued, then C(p) =
n/m and C(p) = n′/m′. Since F agrees with %, p % q iff n/m ≥ n′/m′.
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